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Main result

For an abelian group Z and integer k let (Z, k) be the random Cayley graph formed by
choosing S C Z randomly with |S| = k and connecting x,y € Z if x —y € SU(-S5).
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Main result

For an abelian group Z and integer k let (Z, k) be the random Cayley graph formed by
choosing S C Z randomly with |S| = k and connecting x,y € Z if x —y € SU(-S5).

We are interested in how large k can be so that with high probability (Z, k) has bounded
chromatic number.

Theorem (T.)
Let Z be an abelian group of size N. Then

1
= <
X (Z, log N) 3

with high probability (1 — on(1)).
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History

Theorem (Alon 2013)
Let Z be an abelian group of size N. Then
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|
History

Theorem (Alon 2013)
Let Z be an abelian group of size N. Then

1
X (Z7 1 IoglogN) <3
with high probability. Furthermore,
X(Zn,0.9910g; N) <3,  x(Zp, t —w(1)) =2

with high probability. For any group B and k < N/2

| k K? k
B. k —
max( log N’ Nlog N><<X( ’ )<<Iogk

with high probability.
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Comparison with Erdés—Rényi

Fact
If G(N, p) is the Erdés—Rényi random graph, then with high probability

(o(r13)) -0
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Comparison with Erdés—Rényi

Fact

If G(N, p) is the Erdés—Rényi random graph, then with high probability

(o(r13)) -0

Proof: Union bound over r-colorings. For r fixed

(")
P (G (N, IoIgVN) r-colorable) < (1 — |olgVN) = exp(—Q,(Nlog N)).
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Independence number

The independence number of random Cayley graphs over cyclic groups is well understood
at a much higher density.
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The independence number of random Cayley graphs over cyclic groups is well understood
at a much higher density.

Theorem (Nenadov 2025+)

)71/3+o(1)

For p > (log N , with high probability

In N

o(Zn, p) = (1+ o(1))a(G(N,p)) = (1 + o(l))m-
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Independence number

The independence number of random Cayley graphs over cyclic groups is well understood
at a much higher density.

Theorem (Nenadov 2025+)

)71/3+o(1)

For p > (log N , with high probability

In N

o(Zn, p) = (1+ o(1))a(G(N,p)) = (1 + o(l))m-

Less is known outside cyclic groups.

Theorem (Alon—Pham 2025+ )
For p < 1/2, with high probability

a(Z,p) = o (p73/2) .
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Coloring mechanism

Partition T := R/Z into thirds and let / := T\ [-1/3,1/3]. Let f € Hom(Z, T) and color
z € Z by the third that f(z) lies in. If z,z’ share a color, then f(z — z') € [-1/3,1/3].

Goal: f(S)Uf(-S) CI.
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Second moment search: Z3

Suppose |S| = cn for ¢ small.
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Suppose |S| = cn for ¢ small.

Goal: Find f € Hom(F3,F3) such that f(S) C ks = {1,2}.
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Second moment search: Z3

Suppose |S| = cn for ¢ small.
Goal: Find f € Hom(F3,F3) such that f(S) C = {1,2}.

For x € F3, let f(s) := x - s (inner product).
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Second moment search: Z3

Suppose |S| = cn for ¢ small.
Goal: Find f € Hom(F3,F3) such that f(S) C = {1,2}.

For x € F3, let f(s) := x - s (inner product). Let X be the number of x such that
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Goal: Show X > 0.
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Second moment search: Z3

Suppose |S| = cn for ¢ small.
Goal: Find f € Hom(F3,F3) such that f(S) C = {1,2}.

For x € F3, let f(s) := x - s (inner product). Let X be the number of x such that
f;(S) C k.

Goal: Show X > 0.
First moment: EX = Y=, Peceg (£i(s) € £)/°1 = (3"~ 1) (3)* = 0.

Second moment: EX? = 2oy P(f(s) € I, £,(s) € L) <
Yy P(£(s) € )" ]P’(fy(s) € k) +3"x34+2x%x3"

Nathan Tung Coloring sparse random Cayley graphs Stanford University 7/11



Second moment search: Z3
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Second moment search: Z3

Suppose |S| = cn for ¢ small.
Goal: Find f € Hom(F3,F3) such that f(S) C = {1,2}.

For x € F3, let f(s) := x - s (inner product). Let X be the number of x such that
f;(S) C k.

Goal: Show X > 0.
First moment: EX = Y=, Peceg (£i(s) € £)/°1 = (3"~ 1) (3)* = 0.

Second moment: EX> = 3" P (f(s) € s, f(s) € b)"°! <
Yy P(E(s) € B)PTP(f, (5) € B)S1 43" x 342 x 3" < (1 + o(1)) (EX)?.

By the Paley-Zygmund inequality PP (X > 0) > ]EX2 =1-o(1).
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Torsion dichotomy

Goal: Find a f € Hom(Z, T) such that f(S) C .
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Torsion dichotomy

Goal: Find a f € Hom(Z, T) such that f(S) C .

In principle, joint probabilities are determined by
{(f(2),g(2)):z€ Z} N I
In practice, stratifying pairs by this subgroup gets very messy.
Idea: Search among a subset of homomorphisms, chosen by considering torsion

properties of Z. Let
Zlal = |{z € Z:az =0}

be the number of elements of order dividing a.
Torsion sparse: Z[a] < N'/* for all a < (log N)*. For example, Zy[a] = (a, N).

Torsion dense: Z[a] > N'/* for some a < (log N)*. For example, Z3[3] = 3" = N.
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Torsion-sparse groups

Consider f,(s) = x - s € T and define

H = {x € Z :ord(x) > (log N)z}.
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Torsion-sparse groups

Consider f,(s) = x - s € T and define

H = {x € Z :ord(x) > (log N)z}.

Let X be the number of x € H such that £(S) C /.
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Torsion-sparse groups

Consider f,(s) = x - s € T and define
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Torsion-sparse groups

Consider f,(s) = x - s € T and define

H = {x € Z :ord(x) > (log N)z}.

Let X be the number of x € H such that £(S) C /.

Goal: Show X > 0 when |S| = clog N for small c.

First moment: EX = 55,0, P (£(s) € /*) > (W= S04 Z0al) (3 - i) 2
(N =~ NY4(1og N)?) (1 - 0(1)) 3791 > (1~ o(1)) N35! - cc.

Second moment: Call (x,y) € H? good if
60

[P(f(s) € 1,£,(s) €l)—P(f(s) € NP(f,(s) € )] < (log N)2*
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Consider f,(s) = x - s € T and define

H = {x € Z :ord(x) > (log N)z}.

Let X be the number of x € H such that £(S) C /.

Goal: Show X > 0 when |S| = clog N for small c.

First moment: EX = 55,0, P (£(s) € /*) > (W= S04 Z0al) (3 - i) 2
(N =~ NY4(1og N)?) (1 - 0(1)) 3791 > (1~ o(1)) N35! - cc.

Second moment: Call (x,y) € H? good if

60

(log N)?°

Fourier analysis and smooth approximation of / shows almost all pairs are good.

[P (£(s) € 1,1, (s) € 1) =P (f(s) € NP (fi(s) € )] <
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Torsion-dense groups

We have a < (log N)* such that Z[a] > N/,
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First moment: It turns out that Z[M] = [Hom(Z,Zwm)|. Then
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feF

Second moment: For (f,g) € F2, let d = d(f,g) be such that g(ker(f)) = dZu.
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Torsion-dense groups

We have a < (log N)* such that Z[a] > N*/*. Choose special M|a with Z[M] > N*/°.
Consider the collection F of surjective f € Hom(Z,Zw).

Let X be the number of f € F such that f(S) C Iy =Zm \ {— [2] +1,...,[¥] —1}.
Goal: Show X > 0 when |S| = clog N for small c.

First moment: It turns out that Z[M] = [Hom(Z,Zwm)|. Then

EX = Y P(f(s) € ) > (1 - o(1))NY*4715 - oo,
feF

Second moment: For (f,g) € F2, let d = d(f,g) be such that g(ker(f)) = dZu.
dl
[P (f(s) € Im,&(s) € Im) =P (f(s) € Im)P(g(s) € Im)| < ,\dfl

Counting the number of (f, g) with d(f,g) = m for m|M controls EX?.
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Conclusion

Takeaways:

@ The correct order for bounded coloring is ©(log N) random generators for any
abelian group of size N.
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Conclusion

Takeaways:

@ The correct order for bounded coloring is ©(log N) random generators for any
abelian group of size N.

@ The proof reduces coloring to finding a homomorphism that maps all generators to
the middle third of a torus.

o A key simplification is to choose the right search space of homomorphisms, and
torsion information is useful in doing so.

Future directions:
@ Solvable groups.
o Better understanding of independence number for p < N™°.

o Better understanding of chromatic number for p > N71¢,

Thank you!

Nathan Tung Coloring sparse random Cayley graphs Stanford University 11/11



